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Chapter 1
Pairing at High Spin
S. Frauendorf∗
Department of Physics, University Notre Dame, IN 37556, USA
Pair correlations are described in the framework of the HFB approxi-
mation applied to a uniformly rotating system (Cranking model). The
reduction of the moments of inertia, the classification of rotational bands
as multi quasiparticle configurations, and the signatures of the rotation
induced transition to the unpaired state are discussed.
1. Superfluidity vs. nuclear pairing
One of the fundamental characteristics of a the superfluid is its irrota-
tional flow pattern in a rotating container that is deformed with respect
to the axis of rotation. In contrast, a viscous fluid develops rigid rota-
tional flow with the velocity field ~v = ~ω × ~r. Irrotational flow is the direct
consequence of the fact that the superfluid state is described by the coher-
ent wave function Ψ(~x) = |Ψ(~x)| exp[iθ(~x)] of the order parameter. The
condensate density ρ = |Ψ(~x)|2 is constant except in a very thin layer
near the container wall. Hence the mass current inside the container is
~j = Im [Ψ(~x)∗~pΨ(~x)] = ρ~∇θ(~x), meaning that ~v = ∇θ(~x) is irrotational.
The moment of inertia of irrotational flow Jirrot is substantially smaller
than the rigid body moment of inertia Jrig. As a consequence, the su-
perfluid phase becomes energetically disfavored to the normal phase at the
critical angular velocity ωc, where
EP − ω
2
c
2
JP = EN − ω
2
c
2
JN . (1)
Here EP and EN are the energies of the liquid in the superfluid (paired)
and normal state, respectively, and JP = Jirrot and JN = Jrig are the
respective moments of inertia . The phase transition is of first order. It
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sets in at the angular momentum J = JcP = ωcJP , where part of the
liquid becomes normal. For JcP < J < JcN it is in the mixed state,
where the normal phase coexists in the form of quantized vortices. At
J = JcN = ωcJN the liquid is completely normal (see inset of Fig. 6).
The experimental values of the moments of inertia in Fig. 1 are only
about one half of the rigid body value. Bohr, Mottelson and Pines [1]
suggested that pair correlation like the ones causing superconductivity in
metals are responsible for the reduction. However the fact that they are
about six times larger than the irrotational value indicates a fundamental
difference between nuclei and a macroscopic ideal liquid.
Microscopically, the rotating superfluid is described by the Hamiltonian
in the rotating frame H ′, also called the Routhian,
H ′ = HN + VP − ~ω · ~J, ~J = ~L+ ~S, (2)
where ~L is the total orbital angular momentum, ~S the total spin of the con-
stituents, HN the Hamiltonian of the normal state and VP the attractive
interaction that causes superfluidity. The BCS approximation to this many
body problem leads to the coherence length ξ = ~pF /(pim∆), which mea-
sures the size of a Cooper pair. The macroscopic condensate wave function
Ψ(~x) and the ensuing irrotational flow emerge on a length scale that is large
compared to ξ. In the surface layer of width ξ the flow deviates from being
irrotational. In the case of nuclei, with the gap parameter ∆ = 1 MeV, the
Fermi momentum ~/pF = 0.75 fm, and the Fermi energy eF = 37 MeV,
one finds ξ = 2/pi(~/pF )(eF /∆) = 18 fm, which is substantially larger than
the size of the nucleus. Although it is quite common to say that nuclei are
superfluid at low spin, this is not really appropriate. Nuclei are made of
the surface layer of a superfluid, so to speak. Another difference is that
the Cooper pairs are composed of nucleons on quantized orbitals that carry
distinctly different angular momentum (high-j and low-j orbitals). The con-
sequences of pairing for nuclear rotation can only be described by means of
a microscopic approach. The BCS theory is often sufficient. However, for
example, for understanding the rotation-induced transition to the unpaired
state one has to go beyond the BCS mean field approximation.
2. Cranked Hartree-Fock-Bogoliubov approximation
The microscopic description of pairing at high spin applies the Hartree-
Fock-Bogoliubov (HFB) approximation to the Routhian (2). It is called
”Cranked HFB” (CHFB), because the system is put into a uniformly ro-
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Fig. 1. Moments of inertia of rare earth nuclei. ”Belyaev” shows the calculation by
Nilsson and Prior [3] using Belyaevs’s [2] expression ”Migdal” shows the calculation by
Hamamoto [5] using Migdal’s expression [4].
tating (cranked) frame of reference. The HFB is discussed in detail by
Dobaczewski and Nazarewicz in this book. We consider the most common
case that the nuclear potential is reflection symmetric and the rotational
axis ~ω coincides with one of the principal axes (x- ) of the potential. The
quasiparticle (qp) creation operators are generated by the Bogoliubov trans-
formation,
β+αµ =
∑
i
Uαµαi c
+
αi + V
αµ
−αic−αi. (3)
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The amplitudes Uαµαi , V
αµ
−αi and the qp energies e
′
αµ are, respectively, the
eigenvectors and eigenvalues of the qp Routhian
Hωαi,αk =
[
(hsp − ωjx − λ)αi,αk ∆αi,−αk
∆−αi,αk − (hsp − ωjx − λ)−αi,−αk
]
, (4)
∑
k
Hωαi,αk
[
Uαµαk
V αµ−αk
]
= e′αµ
[
Uαµαi
V αµ−αi
]
. (5)
The single particle hamiltonian hsp derives from the effective interaction in
the particle-hole channel via additional the selfconsistency conditions (see
section 7). Here we consider it as given. As we assume it is reflection
symmetric, the parity pi is good for the single particles states and for the
qps. The single particle Routhian hsp − ωjx is invariant with respect to a
rotation Rx by pi about the x-axis, which implies the signature quantum
number α for the single particle states and the qps,
Rxc+αiR−1x = e−iαpic+αi, Rxβ+αiR−1x = e−iαpiβ+αi, α = ±
1
2
. (6)
The states with opposite signature are related by time reversal, i. e. the
Cooper pairs are composed of nucleons of opposite signature. For each
solution αµ there is a conjugate solution −αµ with E−αµ = −Eαµ and
U−αµαi = V
αµ
−αi, V
−αµ
−αi = U
αµ
αi .
The pair field ∆αi,−αk is obtained by the selfconsistency condition
∆αi,−αk =
1
2
∑
i′k′α′µ
gαi,−αk;α′k′−α′i′U
α′µ
α′,k′V
α′µ
−α′i′nα′µ (7)
from the pairing interaction
VP = −1
4
∑
ii′kk′αα′
gαi,−αk;α′k′,−α′i′c+αic
+
−αkc−α′k′cα′i′ . (8)
The qp occupation numbers nαµ determine a certain qp configuration (see
section 4).
The CHFB treats nuclear rotation in a semiclassical way, which is an
accurate approximation for rotational bands composed of a long sequence
of states of discrete angular momentum eigenvalues I. The contact to
experiment is made either by the constraint that for a given qp configuration
the angular momentum expectation value 〈jx〉 = J =
√
I(I + 1)~ ≈ (I +
1/2)~ or by directly referring to the experimental angular frequency (see
section 4). The classical canonical relations
E′ = E − ωJ, dE(J)
dJ
= ω, J = −dE
′(ω)
dω
(9)
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between the energy E in the laboratory frame, the energy E′ in the rotating
frame (Routhian), and the angular momentum J hold for CHFB and turn
out important for the interpretation.
3. Perturbative solutions - Moments of inertia
For ω = 0, Eqs. (4-7) describe the pair correlations in nuclei carrying no an-
gular momentum. Belyaev [2] first derived an expression for the moments of
inertia J by taking into account the ”cranking term” −ωjx in linear pertur-
bation theory. In obtaining his expression, he used the ”monopole” pairing
interaction gαi,−αk;α′k′,−α′i′ = Gδikδi′k′ , which gives a state-independent
pair field ∆ (gap parameter). He estimated J /Jrig ∼ 1/2. A more real-
istic calculation based on Belyaev’s expression was carried out by Nilsson
and Prior [3], which is shown in Fig. 1. They used Nilsson’s modified oscil-
lator potential for hsp and carefully adjusted the deformation parameter to
the measured electric quadrupole moments and the pairing gaps ∆ to the
experimental even-odd mass differences. The calculated values of J follow
closely the experimental ones, but are systematically somewhat too small.
Migdal [4] derived a microscopic expression for the moment of inertia us-
ing a more general expression for the pairing interaction that obeyed local
Galilean invariance. He obtained a modification of the pair field via the
selfconsistency condition (7), which is linear in ω, and a correction term to
Belyaev’s expression. This so called Migdal term ensures that J → Jirrot
for ∆ → ∞. A quantitative evaluation of the Migdal term was given by
Hamamoto [5], who calculated the moments of inertia in a similar way as
in Ref. [3]. In order to appproximately restore the Galilean invariance, she
complemented the monopole pairing interaction by the quadrupole pairing,
gαi,−αk;α′k′,−α′i′ = G0δikδi′k′ +G2
∑
ν(−)νqναi−αkq−ν−α′i′α′k. Her results in
Fig. 1 agree well with the experimental moments of inertia. The Migdal
term amounts to about 15% of the total.
The next order of the perturbation series gives the total angular mo-
mentum and Routhian as
J(ω) = 〈jx〉 = ωJ0 + ω3J1, (10)
E′(ω) = 〈H ′〉 = E(0)− ω
2
2
J0 − ω
4
4
J1, (11)
where J0 is the moment of inertia just discussed. Marshalek [6] worked out
the expressions for J1 and calculated them along the lines of Ref. [3]. He
found that it arises to about equal parts from the reaction of the qps to
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the Coriolis force (see section 4) and the attenuation of ∆, called Coriolis
Antipairing (CAP). His J1 values turned out to be systematically too large
compared to experiment. Frauendorf [7] noticed that the CHFB overesti-
mates the CAP. Including projection onto good particle number resulted
in a substantially reduced CAP, which reconciled the J1 values with ex-
periment. Note, the CAP does not appear in a macroscopic super fluid,
because the moment of inertia takes the irrotational value irrespective of
the value of ∆.
4. Rotating quasiparticles - the Cranked Shell Model
Banerjee, Mang, and Ring [8] found the first non-perturbative solution of
the CHFB equations for a monopole pairing interaction. As will be dis-
cussed in section 5, the CAP turned out to be modest for a given qp config-
uration. This allowed Bengtsson and Frauendorf [9] (BF) to interpret the
lowest rotational bands as qp configurations in a rotating deformed poten-
tial with a fixed pair field ∆. Their approach, called Cranked Shell Model
(CSM), aims only at relative energies and angular momenta, which turned
out to be rather well accounted for by configurations of weakly interacting
qps. Since the reaction of the qps to the inertial forces is determined by
the angular frequency ω, the decisive step was plotting the Routhians E′
and angular momenta J of the qp configurations as functions of ω relative
to the reference values E′g and Jg of the qp vacuum. They introduced the
experimental rotational frequency ω(I) = (E(I + 1)− E(I − 1)) /2, which
is one half of the frequency of the quadrupole radiation, as expected from
semiclassics. The experimental functions J(ω) and E′(ω) were obtained
according to Eqs. (9) by interpolating between the discrete points. The
vacuum values E′g and Jg were parametrized by the ”Harris reference” (10),
where J0 and J1 were adjusted to the experimental energies of the ground
state (g-) rotational band of the considered even-even nucleus.
BF obtained the qp energies by numerically solving the eigenvalue prob-
lem (5) for a fixed monopole pair field ∆αi−αk = ∆δik and using the mod-
ified oscillator potential for hsp. Fig. 2 shows an example of qp energies in
the rotating frame as functions of the rotational frequency ω, which are re-
ferred to as qp Routhians e′(ω). The slope of the qp Routhian indicates the
amount of angular momentum i aligned with the rotational axis (alignment
i = −de′/dω, c.f. Eq. (9)). The line types indicate their parity pi and the
signature α as (pi, α), which has become a common notation. Each experi-
mental rotational band is assigned to a specific qp configuration. The total
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Fig. 2. Quasineutron Routhians for N ≈ 94. The
line type for (pi, α) is: (+, 1/2) full, (+,−1/2) short
dash, (−, 1/2) dash dot, (−,−1/2) long dash. After
Ref.[9].
Fig. 3. Experimental one
quasineutron Routhians (crosses
and circles) compared to CSM
calculations. From Ref.[9].
signature α is the sum of the signatures of the excited qps. It restricts the
spins of the rotational states to α = I + even number. Attaching letters A,
B, ... to the qp Routhians has become customary for specifying a multi qp
configuration in a compact way. (Conjugate qp states are labeled as A+,
B+,... . )
Consider the region ~ω < 0.2 MeV in Fig. 2. The qp vacuum |0〉 corre-
sponds to all qp trajectories e′(ω) > 0 unoccupied. It represents the ground
state (g-) band in the even-even nucleus (e. g. with N =94). The one-q p
configurations are denoted by A, B, ..., indicating which of the qp trajec-
tories is occupied. For example, the one-quasineutron configurations |A〉 =
β+A |0〉 and |B〉 = β+B |0〉 represent the (+, 1/2) and (+,−1/2) bands in the
odd N = 95 neighboring nuclides. Two-qp configurations are denoted by
the letters of two occupied trajectories. For example, the two-quasineutron
configurations |AB〉 = β+Aβ+B |0〉 and |AE〉 = β+Aβ+E |0〉 represent the (+, 0)
and (−, 1) bands in the even N = 94 nucleus. Fig. 3 compares the exper-
imental one-quasineutron Routhians (e. g. e′A(ω) = E
′
A(ω) − E′g(ω)) with
the CSM Routhians. Other one- and two-qp Routhians are equally well
reproduced for many nuclides in different mass regions.
For ~ω > 0.2 MeV the qp spectrum in Fig. 2 is characterized by
avoided crossings between trajectories originating from regions e′ < 0 and
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e′ > 0. The first is the ”AB” crossing between the trajectories A and
B+ at ~ωAB = 0.23 MeV (marked by an arrow). These crossings between
the qp Routhians allowed BF interpreting the observed irregularities of
rotational energies (backbends) in a simple systematic way as crossing be-
tween rotational bands that correspond to different qp configurations. The
interpretation of band crossings becomes particularly transparent by the
concept of diabatic qp Routhians, which are constructed by ignoring the
repulsion between crossing qp trajectories, as e. g. the trajectory A in
Fig. 2 (shown as a thin line) continues smoothly through the AB crossing
to negative energy. The diabatic Routhians are labeled by capital letters.
(Lower case letters denote the adiabatic trajectories that continuously trace
e′(ω) through the crossings.)
Consider the AB crossing. The vacuum |0〉 has A,B free and A+, B+
occupied. It represents the g- band. The two-quasineutron configuration
|AB〉 has A,B occupied and A+, B+ free. It represents the s- (Stockholm)
band. Before the crossing the g-band is below the s- band, and after the
crossing the s- band is below the g- band. The experiment exposes the
lower (yrast) of the two crossing bands, which changes from |0〉 to |AB〉.
The structure change is observed as the ”backbending” effect. Fig. 4 shows
the alignment for the yrast line in 160Yb. The backbend shows around ωAB
as the sudden increase of i by approximately 11~, which reflects the change
from the 0 to the AB configuration. The calculated slopes of A and B
correspond to iA = 6~ and iB = 5~, which add to iAB = 11~. The large
alignments reflects the nearly pure i13/2 character of the qps. The g- and
s- bands exist as two bands in the same nucleus. Sometimes the higher of
the two bands is observed too.
However, the AB crossing is ”blocked” for the one-quasineutron con-
figuration |A〉 because both trajectories A and B+ are occupied and there
is no structural change at the crossing. As seen in Fig. 3, the relative
Routhian e′A = E
′
A − E′g goes smoothly through ωAB becoming negative
for ω > ωAB , and the alignment of configuration |A〉 in Fig. 5 does not
change at ωAB . The next crossing at ~ωBC = 0.29 MeV in Fig. 2 (marked
by an arrow) is not blocked in configuration |A〉 and indeed seen at ωBC in
Fig. 5. Stephens and Lee and Ring explain the backbending phenomenon
in more detail in their chapters.
The CSM premise is that the lowest rotational bands can be constructed
by placing qps into one and the same set of levels which simply add their
contributions. The experimental rotational spectra bear out approximate
additivity, which turned out to be a powerful tool for classifying the ob-
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Fig. 4. Alignments of multi quasineutron
bands in 160Yb. The horizontal lines
show the values obtained by summing the
contributions from the quasiparticle con-
stituents, which are indicated by the let-
ters. The reference parameters are J0 =
17 ~2 MeV−1 and J1 = 70 ~4MeV−3. Af-
ter Ref. [10].
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Fig. 5. Alignments of multi quasi neu-
tron bands in 161Yb. The horizontal lines
show the values obtained by summing the
contributions from the quasi particle con-
stituents, which are indicated by the let-
ters. The reference parameters are J0 =
19.5 ~2 MeV−1 and J1 = 64 ~4MeV−3.
After Ref. [10].
served bands. One consequence of additivity is the appearance of charac-
teristic band crossing frequencies. If some ”spectator” qp is added to the
two crossing configurations their crossing frequency should not be changed.
For example, the AB crossing will appear at about the same ωAB in all
configurations that do not contain A or B. These are |0〉 and |E〉 in Figs. 4
and 5. The AB crossing is blocked in configurations that contain A or B, as
|A〉 and |B〉 in the figures. The BC crossing at ~ωBC = 0.29 MeV appears
in Figs. 4 and 5 in the configurations |A〉 (which changes to |ABC〉), |AE〉
(which changes to |ABCE〉), and |0〉 (which changes to |BC〉). The BC
crossing is blocked in |AB〉 and |ABE〉. The same pattern of crossings is
expected when a quasiproton spectator is added, which is indeed observed.
All configurations in in Figs. 4 and 5 show an upbend at ωp, which is caused
by a crossing involving the h11/2 protons. This crossing is expected to be
blocked if the additional quasiproton has h11/2 character, which is observed
and was used to identify the nature of the ωp crossing (see Stephens and
Lee).
The CSM became so popular with experimentalists because, as for other
versions of the shell model, one can take the qp Routhians and alignments
from experiment for predicting their values in multi qp configurations. Figs.
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160Er 
168Hf 
170Hf 
214Rn 
Jc
 
 
JcP
E
J
P
N
JcN
M
Fig. 6. Difference between the yrast energy and
an unpaired rotor. The values Jrig = JN =
61, 58, 56, 56 ~2MeV−1 for 160Er, 168Hf, 170Hf,
and 214Rn, respectively. From Ref. [12]. Inset:
First order phase transition from the paired (P)
phase via the mixed phase (M) to the normal phase
(N).
Fig. 7. a: Quasineutron routhi-
ans for ∆ = 1.2 MeV. b: Particle
(thick) and hole (thin) Routhians
for ∆ = 0 (b). From Ref. [14].
4 and 5 demonstrate this for the aligned angular momentum i. The lines
display the values obtained by adding the contributions of the indicated
constituents. The remarkable agreement with the observed values is gen-
erally found and has become an indispensable tool for identifying the qp
configurations of rotational bands. Frauendorf et al. [10] went one step
further by assuming binary interaction matrix elements between the qps,
which were obtained from the deviations of the observed Routhians from
the sum of their constituents. They found matrix elements ranging from
-300 to 50 keV, which increase linearly with ω. The change of the pair field
alone (cf. section 5) generates matrix elements of the order of −100 keV,
which could not explain the size and the state dependence of the experi-
mental ones.
The CSM rather well predicts the relative energies and alignments of
the various qp configurations. However, it it fails at the avoided crossings.
The problems are discussed in Ring’s chapter. BF went around them by
resorting to diabatic qp trajectories. In their approach, the non-interacting
g- and s- bands cross each other at the critical angular momentum JAB ,
where the alignment jumps from 0 to is. Because at the crossing Jg =
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Js = JAB , ωs must be smaller than ωg in order to compensate for the
gain is, which is the backbend of the yrast states (+,0). Fig. 4 shows a
more gradual transition from the g- to s- band instead of the sharp jump.
In other nuclides the transition is even more gradual like the up bends at
ωBC and ωp in Figs. 4 and 5. The smoothing of the jump is caused by
interaction between states of the same I in the two bands. Bengtsson and
Frauendorf [11] quantitatively related the strength of this interaction to the
repulsion between the trajectories A and B+.
5. Transition to the normal state
Equating the energies of the paired with the unpaired phases by means
of Eq. (1), one finds ~ωc = 0.28MeV, JcP = 8.5~, and JcN = 22.6~
for EN − EP = 2MeV, JP = 30~2MeV−1, JN = 80~2MeV−1, which are
typical for rare earth nuclei. Deleplanque et al.[12] inspected the yrast se-
quences of all even-even nuclei with A > 40. They observed an approach
to E(I) ≈ I(I + 1)/2JN for sufficiently high spin, which they interpreted
as the unpaired regime. The derived experimental values of JN turned out
to deviate substantially from the classical rigid body value. Zero pairing
cranking calculations reproduced the experiment. They explained the de-
viations from the classical rigid body value as a manifestation of the shell
structure. Fig. 6 shows examples of the difference between E(I) and the
energy of the unpaired rotor, i. e. the pair correlation energy. The con-
siderable variation of the ground state correlation energy among different
nuclei was found to be a general phenomenon. As expected, the transition
appears as a gradual crossover, which is superimposed by irregularities that
are caused by the individual reaction of the nucleonic orbitals to the rota-
tion. Nevertheless, the curves show some reminiscence with a first order
phase transition. At IcP the system enters the mixed state, where E(I)
increases linearly as ~ωI (see inset of Fig. 6). In a plot of the correlation
energy as Fig. 6 this shows up as a change of the sign of the curvature. The
curves show a global tendency to concave behavior above I = 10, which is
consistent with the above estimate IcP ∼ 8. Above I = 20, the correlation
energies become small, which is consistent with the estimate IcN ∼ 20. Fig.
8e shows the correlation energy in the rotating frame. The arrow marks
the crossing of the (+, 0) g- band with the (-,1) band, which is unpaired
at this frequency. The frequency of ~ωc = 0.32 MeV is consistent with the
above estimate of the critical frequency ~ωc ∼ 0.28 MeV.
Mottelson and Valatin [13] first estimated the critical frequency by
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evaluating the selfconsistency relation (7). Using a rough approxima-
tion they found ~ωc = 0.14 MeV. From their numerical solutions of the
CHFB problem, Banerjee, Mang, and Ring [8] found that ∆n = 0 for
ω > ~ωc = 0.22, 0.3 MeV, for 168Yb, 162Er, respectively. Their pioneering
work was followed by many other CHFB calculations. Fig. 8a shows a
typical example. Consider the (+,0) yrast levels. At low frequency, ∆n
decreases slowly, which is the CAP within the g-band (c.f section 3). The
sudden drop indicates the AB crossing with the s-band (ω1 in Fig. 7). The
two quasineutrons block the levels A and B from the pair correlations, which
suddenly reduces ∆n (cf. Stephens and Lee in this book). The remaining
weak pair field is quickly destroyed by the combination of CAP and the en-
counter of the crossing at ω4 in Fig 7. Consider the (-,1) two-quasineutron
band AE. It starts with a reduced ∆n because A and E are blocked. When
the band encounters the BC crossing, the blocking of B and C completely
destroys the pair field. For the one-quasineutron bands A and E, ∆n drops
from a reduced value to zero when the respective BC or AB crossings (ω1
and ω2 in Fig. 7) are encountered. In summary, rotation destroys the pair
field by suddenly breaking individual pairs of nucleons on high-j orbitals,
which is observed as band crossings (backbends), combined with the CAP,
which originates from the reaction of many low-j orbitals to the inertial
forces. This is a general result of all CHFB calculations (e. g. Ref. [8; 17;
18; 19; 20]). Fig. 8 shows that the calculated CHFB Routhians (c) already
rather well reproduce the experimental ones (e).
The disappearance of the pair field leads to a distinct restructuring of the
excitation spectrum with clearly observable consequences that have been
pointed out by Frauendorf [14] and Garrett et al. [16]. Fig. 7 compares the
quasineutron Routhians for ∆ = 1.2 MeV with the ones for ∆ = 0, which
become single particle and single hole Routhians. The following differences
are relevant.
1) The lowest qp Routhians ( e′µα > 0) have always a negative slope, i.
e. a certain amount i of angular momentum is aligned with the rotational
axis, which is large for the high-j intruder states and moderate for the
normal parity low-j states. The reason is that the lowest qps are composed
of comparable particle and hole fractions. This reduces the quadrupole
moment which binds them to the deformed potential and allows the Coriolis
force to partially align the qp angular momentum with the rotational axis
(”Fermi alignment”, see [14]). As discussed in section 4, the spectra below
~ω ∼ 0.35 MeV confirm this pattern in a systematic way. For ∆ = 0 the
slopes of the single particle Routhians around the Fermi level change in an
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Shimizu et al. : Pairing fluctuations in rapidly rotating nuclei148
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presented in this figure. (b) Comparison of routhians and alignments for the (+,0}configuration in ' Yb, calculated at a fixed defor-
mation 82=0.25 (solid curves) and with the self-consistent value of cz(u), shown in Table IV (dashed curves). (c}The routhians and
alignments for the (+,0) configuration in ' Yb with and without pairing Auctuations, compared with the experimental data: top por-
tion, calculated with constant deformation; bottom portion, calculated with changing deformation. (d) Comparison of the energy gap
h„and the correlation energy E„„for the (+,0) configuration of ' Yb relative to the values at co„,=0: solid curve, calculated keep-
ing the value of c2 fixed at F2=0.250; dashed curve, calculated using the self-consisterit value. (e) Comparison of measured (Bacelar
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quasiproton band crossing have been removed from the calculations as described in Garrett et al. (1988) and Nyberg et al. (1988). (f)
Deformations of predicted minima in the potential energy surface for the yrast decay sequence of ' Yb as a function of Aw, , The
numbers accompanying the data points are A'w„, values in MeV. These minima were calculated (Garrett et al. , 1988) for full-
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et al. (1985).
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Fig. 8. Three lowest bands in 166Yb. The line convention for (pi, α) in b is the same
in all panels. a: Static pair gap ∆n calculated from the self consistency condition (7)
using a monopole pairing interaction (no label). Dynamic pair gap ∆dyn =
√−EcorrG.
b: Experimental angular momentum relative to an unpaired rotor i(ω) = J(ω) − JNω.
c, d, e: Calculated and experimental Routhians relative to an unpaired rotor, e′(ω) =
E′(ω) +ω2JN/2. The reference parameter 0 = 66, 62 ~2 MeV−1 for the experimental
and calculated values, respectively. From Ref. [15].
erratic way, which is born out by the rotational spectra above ~ω ∼ 0.35
MeV.
2) The paired regime is characterized by the systematic appearance of
avoided crossings between the qp trajectories originating from the nega-
tive and positive regions( ω1, ..., ω4 in Fig. 7a). These ”pairing induced”
crossings are absent in the unpaired regime [14], which is confirmed by the
high spin rotational spectra. For example, the backbend in the (+,0) se-
quence is due to the crossing of the g-band with the s-band at ω1. The
s-band corresponds to wo-q ps o the lowest levels in Fig . 7a (AB in Fig.
2). If one follows this configuration to the case ∆ = 0 in Fig. 7b it becomes
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the state with two holes in the lowest N=96 configuration. Since this has
N=94, the s-band does not exist as an excited configuration in N=96. The
coexistence of both g- and s- bands signifies the presence of the pair field.
As discussed in section 4, the crossings at ω1, ω2, ω3 between the pi = +
trajectories are observed systematically. However, the crossing between the
pi = − trajectories at ω1 in Fig. 7 (E and F+ in Fig. 2) is not observed (see
Fig. 8b), which indicates the transition from the paired to the unpaired
regime around ~ω = 0.35 MeV.
3) The qp spectrum changes in a smooth way with increasing particle
number if ∆ is substantially larger than the single particle level distance,
because the occupation probability gradually changes from 1 to 0 over a
distance of the order ∆. If ∆ = 0 the erratic single particle spectrum
determines the rotational bands. The experimental Routhians of the Yb
isotopes show the expected transition from a smooth N dependence with
the characteristic staggering between even and odd N at low ω to a less
regular N dependence with no even-odd staggering at ~ω > 0.35 MeV (see
Fig. 13 in Ref. [16]).
It has been generally found that the rotational spectra above some crit-
ical frequency ωc are accounted for by particle-hole configurations built
from single particle Routhians like Fig. 7b (cf. e. g. review articles [25;
26]). Oliviera et al. [21] discussed in detail how the multi qp rotational
band spectrum of 167,168Yb restructures to the unpaired particle-hole spec-
trum. For 90 ≤ N ≤ 98, the CHFB calculations predict the disappearance
of the neutron pair field between ~ω = 0.3 and 0.35 MeV, where the re-
structuring of the excitation spectrum is observed. The transition occurs
at lower ω in the heavier Yb and Hf isotopes [22] and likely also in the
neutron system of the actinides.
6. Fluctuations of the pair field
The small number of nucleons involved in the correlations implies that the
pair field (order parameter) strongly fluctuates around its mean value: The
fixed particle number of nuclei corresponds to a complete delocalization of
the orientation (gauge angle), and the size of the fluctuations is comparable
with the average value even for the most strongly paired nuclei. Continuing
preceding studies, Shimizu et al. investigated the fluctuations in the frame-
work of the Random Phase Approximation assuming a monopole pairing
interaction. RPA elucidates the role of fluctuation in a particularly sim-
ple way: It starts from the discussed CHFB solution, which represents
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the mean value of the pair field and is called ”static pairing”. The addi-
tional RPA correlations (described in Shimizu’s chapter), which account
for harmonic oscillations of the pair field around its static value, are called
”dynamical pairing”. (The delocalization of the gauge angle is taken into
account). To compare its strength with the static pairing the authors in-
troduced ∆dyn =
√−EcorrG, where Ecorr is the RPA correlation energy.
As seen in Fig. 8a, the dynamic pairing is strong and decreases only very
slowly with ω, remaining strong after the disappearance of the static gap
∆. Most of the dynamic pairing originates from single particle states far
from the Fermi level, which are insensitive to the break down of the static
pairing. The inclusion of dynamical pairing does not qualitatively change
the structure of the qp spectrum in the paired regime and of the single
particle spectrum in the unpaired regime, where ”paired” and ”unpaired”
refer to the static ∆. The elementary excitations are ”dressed” by the
pair vibrations. However, Figs. 8c, d, e demonstrate that the dynamical
pairing is important for a quantitative description of the experiment in the
unpaired regime.
The persistence of strong fluctuations makes the definition of a boundary
between a paired and unpaired ”phase” a subtle matter. Refs. [14; 15;
16] advocated the existence of a substantial static (CHFB) gap (∆ > ∆dyn)
to zone the paired phase, because: i) It becomes the phase transition point
in the case of large systems. ii) It marks the change from a spectrum
of quasiparticle excitations to particle-hole excitations. iii) It is consistent
with the shape of the functions E(I) and E′(ω) for the yrast levels. iv) It is
analogous to our familiar concept of spherical and deformed nuclei, which
are classified according to their static shape while there are considerable
fluctuations around the average deformation.
The RPA breaks down near ∆ → 0. Shimizu et al. circumvented the
problem by interpolating between the safe regions ∆ > ∆dyn and ∆ = 0.
Numerical diagonalization of the pairing interaction is the rigorous remedy
for the problems near the transition point, which is discussed in other chap-
ters of this book. X. Wu et al. in Ref. [24] and preceding work diagonalized
the Routhian (2) for a combination of monopole and quadrupole pairing in-
teractions. As expected, the method accounts very well for the experimental
data throughout the regions of strong, weak, and zero static paring. They
introduced the ”particle number conserving pairing gap” ∆˜ =
√−〈VP 〉/G
as a measure for the pair correlation strength, which they found to grad-
ually decrease with the rotational frequency ω. The same measure was
used before by Egido et al. [23] to quantify the pairing strength in the
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framework of the particle number projected CHFB approach (see Egido’s
chapter), which also turned out to persist up to large values of ω. Based
on ∆˜(ω), these authors concluded that the transition to the normal state
is smeared out to a degree that it cannot be recognized sometimes. The
”gap” ∆˜ measures the total pairing strength originating from the static and
dynamic pair correlations. Its gradual decrease reflects the persistence of
dynamical correlations up to high ω and, thus, is not inconsistent with the
discussed definition of the transition based on the static pair gap ∆ (which
should not be confused with ∆˜).
The residual dynamical pair correlations after the disappearance of
the static pair gap change only weakly with the rotational frequency and
the nucleon configuration, which is the reason why the numerous calcu-
lations that neglect the pair correlations completely account so well for
the experiments on high spin states (see e. g. the review articles [25;
26]).
7. Influence of rotation on the nuclear mean field
The properties of rotating nuclei are not only determined by the pair cor-
relations, which are the subject of this chapter. Here I can only mention
few things that are relevant to the preceding sections. More information
can be found in the recent review articles by Afanasjev et al.[25] and Sat-
ula and Wyss[26]. The single particle Hamiltonian hsp in the CHFB Eqs.
(5) derives by additional self-consistency relations from the qp amplitudes
and the effective nucleon-nucleon interaction. Banerjee et al. [8] used the
simple Quadrupole-Quadrupole interaction, which accounts for changes of
the quadrupole deformation. Bengtsson et al. [20] combined the BCS
treatment of pairing with the Strutinsky shell-correction method to deter-
mine the shape, an approach that had become very successful for high spin
studies (in particular after introducing approximate particle number projec-
tion [32]). Goodman[17] and Fleckner et al.[18] solved the CHFB equations
starting from the G-matrix and the Skyrme interaction, respectively. These
early attempts to base the CHFB equations on a more fundamental level
resulted only in modest agreement with experiment. Later improvements
of the Skyrme interaction substantially improved the accuracy of the calcu-
lations (cf. Ref.[27] and earlier studies cited). Egido and Robledo[28] and
Afanasjev et al.[29] applied the CHFB (with approximate number projec-
tion) to the Gogny interaction and to the Relativistic Mean Field approach,
respectively, which turned out to describe the data very well (cf. Refs.[30;
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31]). These approaches use pair interactions that obey local Galilean in-
variance and satisfy Eq. (7), i. e. the Migdal term is included. A new
aspect is the occurrence of substantial time-odd terms in the single particle
Hamiltonian hsp, which become important when the effective mass of the
nucleons deviates from the real one.
8. Conclusions
The microscopic BCS approach to rotating nuclei accounts for the experi-
mental observations, which characterize the nucleus as a small mesoscopic
system. The moments of inertia indicate that the nucleus is too small to de-
velop proper superfluidity. The rotation induced transition from the paired
to the normal state can be recognized in the experimental yrast energies
and as a change of the excitation spectrum above the yrast line. It does not
appear as a sharp phase transition but more as a gradual crossover phe-
nomenon, which is superimposed by irregularities. Still a confined interval
of rotational frequency for the transition can be identified.
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